ABSTRACT The lateral tire force is of crucial importance for the vehicle lateral dynamics modeling. Linear and nonlinear models have been proposed to describe the characteristic of the force. Due to its simplicity, the linear model is widely used in a vehicle controller and an observer design at present. However, this model has a limited application area since it is accurate only when tires operate in the linear region and fails to reflect the nonlinear behavior of the tire force. Contrary to the linear model, nonlinear models can represent the behavior entirely with complex nonlinear functions, which are difficult to be used for the controller or the observer design. Aiming at these problems, a piecewise affine (PWA) model for the lateral tire force is proposed in this paper. According to the relationship between the tire lateral force and the tire slip angle, the lateral tire force is approximated by a five-segment PWA model with different slopes. Model parameters are calculated by the tire analysis tool of the high-precision real-time simulation software of vehicle dynamics called veDYNA. Combining the PWA model with the lateral dynamic model, a novel twodegree-of-freedom model is obtained to describe the vehicle lateral dynamics. Based on veDYNA, simulation results with different maneuvers show that the proposed model is valid and has a higher precision.
I. INTRODUCTION
The mathematical model of the controlled plant is the foundation of the controller design and control system analysis. The more accurate the model is, the more properties can be presented. However, it will bring complexity and difficulty for controller design at the same time. As is known to all, the vehicle is a highly nonlinear system with strong coupling. If the model is constructed according to the principle of dynamics and kinematics, there will be some problems such as high order and strong nonlinearity. Thus, there should be a trade-off between simplicity and accuracy of the model. At present, two degrees of freedom (2DoF) model whose state variables are lateral velocity or slip angle and yaw rate is in extensive use for vehicle lateral control [1] - [8] . For the modeling of the vehicle lateral dynamics, the more accurate the lateral force model is, the more accurate the vehicle lateral dynamics model will be. In many researches, linear model, Dugoff tire model [10] and Magic Formula tire model [11] are used. In these models, the linear model is the simplest and commonest. This model can describe the relationship between the lateral tire force and the tire slip angle when tires operate in the linear region. That is to say, it is suitable to analyze tire properties, design controllers or observers only when the tire slip angle is small. In fact, the tire force is no longer linearly proportional to the slip angle due to saturation property when the tire slip angle is large. The linear model does not describe this property. In [12] and [13] , a local linearization method is adopted. The nonlinear characteristics of the tire forces are taken into account by locally linearizing the lateral tire force curve at the currently operating point. Then, the lateral tire force is expressed as a polynomial of the tire slip angle. However, this method has difficulty in engineering practice. Dugoff tire model is a nonlinear model that can reflect the properties of the tire force accurately when the tire operates in nonlinear and saturation regions. Since this model is a complex switched model with many unmeasurable parameters, it is not easy to design a controller based on it. Besides, the Magic Formula tire model is the most accurate model for properties analysis and simulations of the tire. Like the Dugoff tire model, the Magic Formula tire model is a complex nonlinear model with too many parameters and is hard to be used in control system design.
It is known to all that the yaw stability control and body sideslip angle estimation are two significant tasks in vehicle engineering. The controller and observer design are all based on the lateral dynamic model that should be as accurate as possible. The precision of the lateral dynamic model depends largely on the accuracy of the lateral tire force model. Thus, an accurate tire model is of great importance. However, an accurate model has a complex math expression in general, especially for nonlinear relationship, which may cause some difficulty in controller or observer design.
Up till now, researches on control methods based on linear system is much more fruitful than nonlinear one because of the simplicity of the model and the complete stability theory for linear model. Thus, linearizing the nonlinear model is a good way to simplify the controller or observer design. PWA model is a useful tool to change the nonlinear model into a switched linear model. Thus, a piecewise affine (PWA) tire model is brought about, and owing to its advantages, some PWA-based researches on vehicle lateral control have been put forward [14] - [20] . References [14] - [17] focused on the yaw stability control, and [18] - [20] provided the lane keeping control methods. However, PWA tire model utilized in these paper is the classic two-segment model that two distinct behaviors are distinguished for the lateral tire forces as a function of the tire slip angle [19] , i.e. linear behavior and saturated behavior. Then two nonzero slope of curves to present tire force properties of the linear and saturated regions. Because of the neglect of the nonlinear behavior, the accuracy of this PWA model will be affected, especially when the tire slip angle is large.
To reach a compromise between the complexity and the precision of the model, a new piecewise affine lateral tire model is presented in this paper, which is based on a professional vehicle dynamics simulating software veDYNA. Different from the classic two-segment PWA tire model, the lateral tire force is divided into three regions, i.e. linear region, nonlinear region and saturated region in this model. To obtain a more accurate model, the linear region and nonlinear region are divided into two parts respectively, i.e., linear I, linear II, nonlinear I and nonlinear II. In summary, the lateral tire force is modeled by five segments with different slopes. To obtain peripheries of each region and slopes of each segment, veDYNA is used, since it is more than a high precision real-time simulator, but also an analysis tool for tire's characteristics. The data utilized for analysis tool are obtained by various simulation results first, and then some characteristic curves are shown. Based on the data processing of these curves, parameters of the model are obtained and a new PWA model of the lateral tire force is constructed. Combined with the bicycle model, a new 2DoF dynamic model is obtained which has a higher precision compared with the classic one.
The paper is structured as follows. In Section II the PWA model to depict the lateral tire force is presented. Combined with the bicycle model, the 2DoF dynamic model is obtained. In section III, a professional simulator veDYNA is utilized for different vehicle maneuvers in order to evaluate the validity of 
II. VEHICLE LATERAL DYNAMIC MODEL
As is known to all, vehicle is a nonlinear tightly coupled system. To depict the lateral dynamics simply, ignoring the longitudinal, roll, pitch and vertical dynamics, a bicycle model with two degrees of freedom is considered. In addition, the bank angle of the road, air dynamic drag force, and rolling resistance of tires are ignored. We suppose that only front wheels can steer. A schematic diagram of the vehicle model is shown in Fig. 1 . The vehicle can be modeled as
where v x , β, and γ represent longitudinal velocity, body slip angle and yaw rate. m is the vehicle mass; I zz is the vehicle yaw inertia around the vertical; l f and l r are the distances from the front and rear axles to the center of gravity. b is wheelbase; δ is the steering angle of front tires. F xi and F yi are the longitudinal and lateral forces of the ith wheel, where i is 1, 2, 3, and 4, representing the front left, the front right, the rear left, and the rear right wheel, respectively. With the assumption of small steering angle δ, (1) can be simplified as
The lateral tire forces can be modeled using the Magic Formula tire model [11] which is defined as
where α stands for the (front or rear) tire slip angle, b, c, d, and e are parameters with certain significance. Reference [21] pointed out that ''the formula is capable of producing characteristics that closely match measured experimental curves for the lateral force as functions of slip angle''. The Magic Formula model is depicted by the red solid line in Fig. 2 under 4050(N) normal force on a surface with an adhesion coefficient of 1.0. According to (3) , this model, however, is a highly sophisticated nonlinear model and is hard to be used for controller or observer design. Linear model is simple but cannot describe the tire characteristic accurately when tire slip angle is large. To compromise complexity and precision of the model, a PWA model is proposed and discussed in the next section.
A. PIECEWISE AFFINE APPROXIMATION OF LATERAL TIRE FORCES
Since Fy-α curve is symmetric about the origin and located in the first and third quadrant, the curve lying within the first quadrant can be set as an example to analysis as shown in Fig. 3 . In this figure, the curve shows that the lateral force is an approximately linear function of the tire slip angle when the angle is small. Then the relationship between Fy and α becomes nonlinear with an increasing tire slip angle. When the tire slip angle is α m , the corresponding lateral force is peak, marked as F ym . With a further increasing tire slip angle, the lateral force decreases, which means that the force is saturated. According to the above description, the lateral tire force can be divided into three parts, that is, the linear region, the nonlinear region, and the saturated region as shown in Since the PWA model can approximate a nonlinear model with some linear functions, it is simple but accurate in some degree. Thus, a PWA model is used to depict the characteristic of the lateral force. To approximate the tire force well, the linear region and nonlinear region are divided again. In summary, five regions are considered, i.e., linear I, linear II, nonlinear I, nonlinear II, and saturated as shown in Fig. 4 .
According to the above analysis, regions are defined by the tire slip angle. To get a general expression about interval bounds, various maneuvers are simulated via the simulation software of vehicle dynamics with high fidelity called veDYNA. Then, and the force analysis tool provided by veDYNA, interval bounds are determined as α m /3, α m /2, 3α m /4, and α m , corresponding to the abscissa of point D, C, B, and A separately in Fig. 4 Four segments with different nonzero slope are used to match the linear and nonlinear regions, and a zero-slope segment is used to approximate the saturated one for simplicity. Thus, the lateral tire force can be approximated as
The subscript i defined in (4) is the same as (2). C i1 , C i2 , C i3 , and C i4 are the slope of DO, CD, BC, and AB of the ith wheel, respectively. The α im represents the maximum of the ith tire slip angle. Finally, a PWA lateral tire force model has been established and the approximations are illustrated by dashed lines in Fig. 4 .
According to the Magic Formula tire model [11] , the tire load, road adhesion coefficient, and longitudinal slip ratio VOLUME 6, 2018 have a large influence on the lateral tire force. So the α im will be affected by these three factors, too. For vehicle lateral control problem, the longitudinal speed is regarded as a constant or slowly-varying quantity. Thus, the longitudinal slip ratio is very small. For simplicity, the longitudinal slip ratio is set to zero. In this paper, α im is obtained from a large number of simulations and force analysis tools based on veDYNA. Simulation results in different maneuvers show that values of α im for left and right tires are not identical, especially in maneuvers with a high speed and a large steering angle. However, the mean value is almost the same with an identical road adhesion coefficient. For simplicity, we suppose that the left and right tires are the same, i.e.,
where j is 1, 2, 3, and 4, representing the indexes of DO, CD, BC, and AB. Similar to the above modeling method, the PWA model to approximate the curve lying within the third quadrant can be defined as (6) . In 
B. LATERAL DYNAMIC MODEL
By substituting (4) into (2), 2DoF dynamic models with different lateral tire forces can be obtained. Limited to the length of the article, nine normal cases when driving are listed as follow. Case 1: Both tires are in linear I region.
Case 2: Front is in linear II region and rear is in linear I. (Both tire slip angles change within the interval [0, 1].) 
Case 4: Front is in nonlinear II region and rear is in linear II. (Both tire slip angles change within the interval [0, 1].) 
Case 6: Front is in linear II region and rear is in linear I. (Both tire slip angles change within the interval [-1, 0].) 
Case 9: Front is in saturated region and rear is in linear II. (Both tire slip angles change within the interval [−1, 0].)
III. SIMULATIONS AND ANALYSIS
To evaluate the validity of the proposed PWA model, simulations with different maneuvers based on veDYNA are carried out. veDYNA is a MATLAB/Simulink environment implemented simulation software that can provide standard engineering interfaces as well as a modular and open model architecture. It can be regarded as a real-time virtual vehicle with high precision model of vehicle dynamics for simulation, testing, and prototyping. It is designed to simulate vehicle driving properties depending on relevant characteristics such as aerodynamics, steering, suspension, tires, transmission, engine and drive line [22] . The Graphical User Interface is shown in Fig. 5 . The tire model used in veDYNA is Pacejka96 [22] .
Besides, the two-segment PWA tire model used in [17] is presented to make a comparison with the proposed model. For simplicity, when saturation of the tire force occurs, the force value is approximated as a constant. Vehicle parameters are given in Table 1 Simulations with a step steer and a sine steer manoeuver are carried out in veDYNA on three kinds of road. A step steering wheel signal δ sw is activated when the longitudinal speed is about the specified value. Then the vehicle starts steering. The speed will be held during the whole simulation horizon. For sine steer manoeuvers, steering signals with a 0.2Hz frequency are activated at 10s, and the speed will vary. Simulation results are shown in Figs. 6-8 and Figs. 11-14 , respectively.
As we can see from Figs. 6-8, the proposed PWA lateral tire force model can approximate the actual lateral force well with a high longitudinal speed and a large step steering angle in different maneuvers, while approximation errors still exist to some degree. Compared with the proposed model, the two-segment PWA model has larger dynamic approximation errors for lateral tire force and yaw rate, and for the sideslip angle both the dynamic and static error. The reason will be analyzed as follows. According to the modeling method, the accuracy of the proposed model depends on α fm , α rm and coordinates of point A, B, C, and D. These variables are influenced by the tire load when the road adhesion coefficient is defined. That is to say, the tire load will affect the approximation results. It is known that tire load transfers between left tires and right tires will happen when steering, especially in a maneuver with a high speed and a large steering angle. In other words, differences of the load between left and right tires are large. When modeling, mean values of left and right tires are adopted, and based on these values, slopes of each line are cast. Fig. 9 shows the relationship between lateral tire force and tire slip angle with different tire load and a nonzero longitudinal slip ratio, including the tire load of front left tire (FL), front right tire (FR) and the mean value (AVG) of the load with different maneuvers. Based on the data marked in Fig. 9 (a) , the lateral tire force calculated by the mean value of the load is much larger than the sum of the lateral tire force of the front left and front right tire, compared with Fig. 9 (b) . In addition, values of α m for each tire are various, and for some critical situations, the distinction cannot be neglected. In conclusion, a larger load transfer will result in a larger model mismatch. Besides, the actual longitudinal slip ratio is small but nonzero. This will bring about error when calculating α m . According to the above discussion, model mismatch in some maneuvers are resulted from adoption of the mean value of tire load and α m , since the difference of the lateral tire force between the model VOLUME 6, 2018 and real object cannot be reflected entirely by the average tire load and zero longitudinal slip ratio.
Besides, the yaw rate and body sideslip angle have the same approximation results as the tire force. Compared with the yaw rate, the error of the body sideslip angle is a little large. Since the widely used bicycle model is a simplified dynamic model that neglects some coupled dynamics, such as the kinematic and compliance (K&C) characteristics of suspension. The influence of the K&C characteristics on lateral dynamics can be summed up as the variation of tire slip angles and the additional camber angle torque. Thus, the lateral tire force will be affected, especially in critical situations.
As the purpose of the modeling is to provide a lateral dynamic model as accurate as possible for the yaw stability controller or sideslip angle observer design, parameters are determined according to the approximation results of the yaw rate and body sideslip angle. In order to get an accurate lateral dynamic model to approximate the yaw rate and body sideslip angle, the α fm and α rm in the actual PWA model is not always equal to the nonlinear model. Here, the approximation result of a low road adhesion coefficient is shown in Fig.10 . From  Fig.10 , we can see that both the α fm and α rm are larger than their actual value, which brings about larger lateral tire forces. To sum up, the accuracy of the force model is sacrificed to some degree according to the above analysis. Besides, compared with the classic two-segment PWA model, the proposed model has a better approximation results in linear and nonlinear regions.
As we can see from (2), the differential equation of yaw rate is calculated by the difference value of the front lateral torque and the rear lateral torque, while the differential equation of sideslip angle is determined by the sum of lateral tire force of four wheels. Thus, a small error of a tire force may result in a large error of sideslip angle because of the integral operation. Contrary to the sideslip angle, the error of yaw rate is smaller owing to the minus operation between front lateral torque and the rear lateral torque.
Figs. 11-14 show simulation results when driving with a sine steer, a varying longitudinal speed and a different road adhesion coefficient. As shown in Fig. 11 (c)-(d) , model mismatch of the proposed model happened in 12-17s, and in this period, the vehicle is accelerating with a large driving torque and steering angle shown in Fig. 11 (a)-(b) . After that period, when the speed became constant or decelerated with a small acceleration, model mismatch disappeared. That is to say, model mismatch is not caused by a high speed in this maneuver. By checking the longitudinal slip ratio and torque of each tire shown in Fig. 11 (g)-(h) , we can find that in that period, front tires, especially the front right tire, slip too much, which results in a large longitudinal tire force. Because of the friction circle limitation [23] , the lateral tire force will be limited. However, this limitation is not taken into consideration in the proposed model. According to the above discussion, a smaller driving torque of each tire is exerted to simulate again. As shown in Fig. 12 , the longitudinal tire slip decreases, and the lateral tire force can be approximated well.
In addition, inaccurate lateral tire forces results in approximation errors of the yaw rate and body slip angle 12-17s. After that period, the yaw rate becomes precise while errors VOLUME 6, 2018 of the body slip angle still exist because of the 2DoF vehicle dynamic model.
It is clear that the lower the adhesion coefficient is, the smaller the friction circle constraint is. Thus, when driving on a wet or dry road, i.e. µ = 0.5 or 1.0, a very small tire slip may happen with a same speed and steering angle as the icy road (µ = 0.2), which has a little influence on the precision of the proposed PWA model. As shown in Fig. 13 (c)-(d) and Fig. 14 (c)-(d) , approximation errors of lateral tire forces appear when the speed is high and steering angle is large. The yaw rate and body slip angle vary with lateral tire forces.
Compared with the proposed model, the two-segment model has a poor approximation performance in these maneuvers, especially in a low and middle road adhesion coefficient when the speed is high and the steering angle is large. Owing to the integral operation, a larger force approximation error results in a larger yaw rate and sideslip angle approximation error.
IV. CONCLUSIONS
In order to solve problems in the modeling of the lateral tire force, a PWA model is proposed in this paper. In this model, the lateral tire force is divided into five regions, and five lines with different slopes are used to approximate the nonlinear original model. Parameters are obtained by analysis tools of a high-fidelity simulation software veDYNA. Simulation results of various maneuvers based on veDYNA verify that both the proposed lateral tire force model and corresponding 2DoF vehicle dynamic models have high precision. Thus, this 2DoF vehicle dynamic model can be applied to controller design or state estimation for yaw stability problem.
